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Abstract

This paper presents the process of derivation and development of a spatial multinomial logit
model and its application to a housing type choice problem. Over the past few years, a rela-
tively small body of research was developed that tries to capture the spatial and temporal de-
pendencies across decision-makers and alternatives. While temporal dependencies are often
considered especially in dynamic models, there has been relatively little work in the literature
on incorporating spatial dependencies into qualitative dependent variables and discrete choice
models, leading to inconsistent estimates. Part of the reason is that space is in general more
complex to deal with than time. The basic idea presented in this paper is that decision-makers
may influence each other, resulting in correlated choice behaviour over space. In this paper,
spatial dependency terms are implemented in a standard multinomial logit framework. The re-
sults show that the spatial terms are statistically significant in the model and improve model
fit.
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1. Introduction

Discrete choice models are widely used in economic, marketing, transportation and other
fields to represent the choice of one among a set of mutually exclusive alternatives. Most dis-
crete choice models are based on random utility maximization hypothesis. The development
of discrete choice models represents a significant advance in the analysis of individual choice
behaviour. Multinomial logit model is the most popular form of discrete choice model in
practical applications. It is based on several simplifying assumption such as independently
and identically Gumbel distribution (IID) of random components of the utilities and the ab-
sence of heteroscedasticity and autocorrelation in the model. Some of these assumptions do
not appear unrealistic, but taken together it is often unrealistic to imagine any real world situa-
tions where all the conditions are satisfied. It has been shown that these simplifying assump-
tions limit the ability of the model to represent the true structure of the choice process. Recent
research works contribute to the development of closed form models which relax the assump-
tion of the multinomial logit model to provide a more realistic representation of choice prob-
abilities within a closed form framework. Mixed logit and Generalized Extreme Value (GEV)
models are examples of these alternative model structures (see Baht, 2002 for a detailed dis-

cussion).

Activity-based travel demand analysis postulates that “transportation is derived demand”.
People travel to participate in different activities, which are distributed over space and time.
Recent studies in travel behaviour research focus on activity location and spatial interaction of
activities. These spatial interactions and dependencies (spatial autocorrelation) warrant mod-
elling techniques that explicitly account for space. Spatial autocorrelation is defined as the
dependency found in a set of cross-sectional observations over space. It occurs when indi-
viduals in population are related through their spatial location (Anselin, 1988). It may also oc-
cur when the choice decisions of individuals located in close proximity in space tend to be
similar. If the choice set consists of spatial units, then alternatives closer to each other tend to

be viewed by decision-makers as more similar than alternatives that are far apart.

Over the past few years, a relatively small body of research has developed that addresses the
issue of spatial and temporal dependencies across decision-makers and alternatives. While re-
searchers often account for temporal autocorrelation, spatial autocorrelation is generally ig-
nored in discrete choice modelling, leading to inconsistent estimates (McMillen, 1995). Part
of the reason is that research for the latter has not progressed to the point that the appropriate
tools be readily available. Additionally, space is in general more complex to deal with than

time. While time is one-dimensional and moves in one direction from past to present and to
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the future, space, in its simplest conceptualization, is two-dimensional and spatial processes

can operate in any direction.

In this context, one might argue that decision-makers may influence each other, resulting in
correlated choice behaviour over space. An individual selects one alternative from the avail-
able choice set on the basis of, among other things, the knowledge acquired from interactions
with other decision-makers, such as colleagues, friends, or neighbours. This spatial depend-
ency can be studied in several choice contexts including activity scheduling and land devel-
opment choices. In activity scheduling, one may assume that the location of an individual in-
fluences his or her behaviour. Individuals face choice sets from which they select one alterna-
tive on the basis of knowledge they acquire through interactions with other decision-makers.
It can be postulated that proximity to other decision-makers in space influences the decision

process and in fact this influence increases with proximity.

Spatial autocorrelation can occur in many contexts. Several studies have estimated models of
spatial dependence with continuous random variables, in the context of regression analysis.
Anselin (1988) provides complete presentation of different approaches in this context includ-
ing spatial weight matrices. Case (1992) developed a spatial model within a technology
change context to show that the decision-making process of a farmer to adopt a new technol-
ogy can be influenced by the expected profit of neighbours with whom there is a contact.
Dubin (1992) used kriging or best linear unbiased prediction (BLUP) technique to predict
housing prices in the presence of spatial autocorrelation. Dubin (1998) modelled the correla-
tion structure itself, rather than the underlying process, and compared the resulting correlation

structure with the one from the weight matrix technique.

There has been relatively little work in the literature on incorporating spatial dependencies
into qualitative dependent variables and discrete choice models. One of the earliest attempts
in this context is the work by Boots and Kanaroglou (1988), which incorporates the effect of
spatial structure in discrete choice models of migration. Dubin (1995) implements this idea
within a binary logit model applied to the diffusion of a technological innovation. In her
model, the probability of adoption of new technology varies with the firm’s own characteris-
tics and its interactions with previous adopters. She models the number of interactions as a
diminishing function of geographic distance between firms. Paez and Suzuki (2001) used the
binary logit model developed by Dubin (1995) and applied it to a land use problem and stud-

ied the effects of transportation on land use change.

McMillen (1995) investigated spatial effects in probit models. He found that heteroscedastic-
ity causes inconsistent estimates in standard probit models and developed a heteroscedastic

probit model using a Monte Carlo approach to capture the spatial effects. In a similar study,
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Berton and Vijverberg (1999) developed a conventional probit model on binary data where

spatial dependencies (spatial lag or spatial error) were present.

In this paper, spatial dependency terms are implemented in a multinomial logit model. The
model is applied to a housing type choice problem. It has been argued that the location of a
housing project influences the type (e.g., detached vs. apartment) of new housing to be built in
neighbouring locations. Additionally, it has been shown that the existing housing stock, as
well as the location factors can affect the future housing developments in the same neighbou-
rhood. This implies that the unobserved attributes of the neighbourhood (error terms) tend to

be correlated.

This paper is structured in six sections. Section 2 briefly explains the model derivation and the
approach employed in this study. Section 3 describes the data set used. Section 4 presents the
process of development of spatial multinomial logit model and estimation results. Section 5
describes the analysis of the results obtained from maximum likelihood estimation of spatial
multinomial logit model and comparison with standard multinomial logit model. Finally, Sec-

tion 6 will present the conclusion and discussion.

2. Model Derivation

Discrete choice models are based on random utility theory, which assumes that the decision-
maker’s preference for an alternative is captured by the value of an index, called utility. A
decision-maker selects the alternative from the choice set that has the highest utility value.
Random utility models assume that decision-makers have perfect discriminating capability.
However, the analyst will have limited information about an individual’s utility level. The un-
certainty introduced in this way must be taken into account (Ben-Akiva and Bierlaire, 1999).
Equation 1 represents the utility of alternative i in the choice set C, for decision-maker n

(Usn), which is considered to be a random variable.

Uin=Vint+éin [1]

It consists of an observed deterministic (or systematic) component of utility (/;,) and a ran-
domly distributed unobserved component (&;,) capturing the uncertainty. It is assumed that the
alternative with highest utility is chosen. In order to account for spatial dependency, it is as-
sumed that the systematic component of utility function (V;,) consists of two parts; the first
part is a linear in the parameters function that captures the observed attributes of decision-

makers n and alternatives
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i, while the second term captures spatial dependencies across decision-makers. Utility of al-

ternative i for decision-maker 7 is given as:
S

l]in:I/in—i_girl:(ZﬁiXirl+ansiysi)+gin [2]
s=1

where parameters £ make up a vector of parameters (to be estimated) corresponding to X,
the vector of observed characteristics of alternative i and decision-maker n. Parameters p
make up a matrix of coefficients representing the influence that the choice of decision-maker
s has on decision-maker n while choosing alternative i. S is the number of decision-makers
who have influence on n. y, will be set equal to unity if the decision-maker s has chosen al-
ternative i, and zero otherwise. p can be modelled similar to an impedance function. In spatial
statistics, it usually takes the form of a negative exponential function of the distance separat-

ing the two decision-makers (D).
D
pnsi = ﬂ’ eXp(_% ) [3]

where A and y are parameters to be estimated. The total influence that the choices of all other

decision-makers have on decision-maker »n can be modelled as:

S
Zin = ansz‘ysi [4]

s=1

Probability that decision-maker #» would choose alternative i, rather than any other alternative
j in the choice set, can be expressed as the probability that the utility of i is higher than that of
any other alternative, conditional on knowing the systematic utility ¥}, for all j alternatives in
the choice set. Derivation of choice model proceeds in a fashion similar to that of the multi-

nomial logit model (Ben-Akiva and Lerman, 1985).

b OBV,
z eXp(ﬂI/jn )

JjeC,

jeCy [5]

Appendix A provides the process of derivation of spatial multinomial logit model in details.

The systematic utility function of alternative i for decision-maker 7 is given as:

S
V}”: ZﬂkX/g'n+Zin = zﬁkajn_i_Zpsinysi [6]
k k s=l1



10" International Conference on Travel Behaviour Research
August 10-15, 2003

The log-likelihood function for a sample of size N is given by:

L'B)=in (LPB)=D.> Py =>">"y, [V, ~In(> exp(V,,))] [7]

n=1 ieC, n=1 ieC, jeC,

Where y;, is a dummy variable such that y;,= 1 if alternative i is chosen by decision-maker #,

and y;,= 0 otherwise.

To calculate the spatial dependency term p in Equation 3, one needs estimates of the parame-
ters A and y. The value of these two parameters can be estimated directly by maximizing the
likelihood function in Equation 7. Alternatively, parameters A and y can be obtained via a
search procedure over a range of numbers by trying out different values of the parameter y
while estimating the value of A as a standard parameter in logit model using a standard soft-
ware, such as LIMDEP (Greene, 2002), and selecting the one that best fits the data.

The unknown parameters in this study were obtained directly by maximum likelihood estima-
tion of the spatial multinomial logit model with the help of a computer program that was de-
veloped using GAUSS programming language. For the purpose of demonstrating the viability
of the developed model, it is applied to a dataset of housing type development choices by resi-

dential real-estate developers.

3. The Data

The data set used in this study was compiled from numerous sources. Haider (2003) presents
a detailed descriptive analysis of the data set used for this study. The housing starts data in the
Greater Toronto Area (GTA) were obtained from RealNet Canada Inc. The housing starts
dataset consists of records of development projects including information on the type, loca-
tion, size, developer, and price of the projects constructed during January 1997 to April 2001
in GTA.

Zonal level socio-economic characteristics of the GTA were obtained from the 1996 Trans-
portation Tomorrow Survey (TTS) database. TTS 1996 is a telephone-based, travel survey of
5% of households within the GTA that was undertaken in the autumn of 1996 (DMG, 1997).
The survey covers household socio-economic information along with all one-day trips made

by household members 11 years of age or older for a randomly selected weekday.

Accessibility indices for various types of activities were later developed for each TTS zone.

Instead of using straight-line or network distances as impedance factors, average estimated
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travel times from the GTA traffic assignment model were used for each zone. It is assumed
that the accessibility indices will capture the relative accessibility advantage of one TTS zone

over the other for various types of activities (e.g. work, shopping, etc).

Land-use information and land inventory data were compiled from data obtained from PMA
Brethour Inc as well as Ministry of Municipal Affairs and Housing in Ontario. Contiguity ma-
trix and distances between centroids of traffic zones were estimated from GTA 1996 traffic
zone map obtained from the Joint Program in Transportation, University of Toronto. Numer-
ous other measures of spatial attractiveness of a TTS zone were developed using GIS data

from Statistics Canada.

The sample used in this study comprises 1384 housing projects for which all required ex-
planatory variables were available. The explanatory variables used in this study as well as
their sample means and standard deviations are presented in Table 1. A total of 546 housing
projects or 39.5 percent of the sample are detached houses. Semi-detached houses account for
241 or 17.4 percent of developments. Apartment projects are 237 or 17.1 percent, and remain-
ing 360 projects (about 26 percent) are other types of developments (townhouses, row houses,
etc).

Table 1 Variables Used in the Model

Variable Mean  Std. Dev.
Price: price of the housing unit (x10°> Canadian Dollar) 2.158 0.518
Development Charge: municipal charge for the unit (x10° CAD) 10.161 5.009
Intersection Density: (street intersections/100) +~ zonal area 1.848 2.691
School Accessibility: mean weighted school accessibility index 60.449 23.182
Employment Accessibility: mean weighted emp. accessibility index 77.773 34.889
Residential Area: area zoned as residential (km?) 0.287 0.284
Built-up: binary variable (1 if built-up area, 0 otherwise) 0.611 0.488
Inventory: inventory of residential units 243.517 459.055

Dj;: distance between centroids of zone i and adjacent zone j (km) 1.698 0.824
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4. Housing Type Development Choice Model

Each decision—maker in this study is assumed to hold a parcel of land and is about to start a
housing project. Developers are faced with the decision of what type of residential units to
build (i.e., detached, semi-detached, condo, or townhouse). It can be postulated that this deci-
sion is influenced, to some extend at least, by nearby housing development projects. In other
words, the existing housing stock, as well as the location factors will affect the future housing
developments in the same neighbourhood. This implies that the unobserved attributes of the

neighbourhood tend to be correlated.

This section describes the process of modelling and empirical results of a spatial multinomial

logit model that predicts housing start types chosen by land developers.

4.1 Choice Set Specification

The choice set from which land developers make their choices is defined by the available al-
ternatives in the dataset. The dataset used for this study contains usable records of housing
projects in GTA that started between 1997 and 2001. Initially, there were seven distinct hous-
ing types in the database. These were: single-detached house, semi-detached house, town-
house, row house, apartment, condo in high-rise, and others types of houses. Descriptive
analysis revealed that some of these housing types are very uncommon. Therefore, seven
housing types of the dataset were aggregated into four groups of detached, semi-detached,

apartments, and others.

The dataset extracted to develop this model contains 1384 unweighted observations of hous-
ing start projects in land parcels. Developers face the decision to select housing type from
four alternatives available in the choice set. It is assumed that all choices are available to all

decision-makers.

4.2 Utility Function Specification

The unknown parameters of the spatial multinomial logit model were obtained directly by a
maximum likelihood estimation of Equation 7. In order to specify the utility functions, it
should be decided which variables to be included and in what form. Variables that can enter
the utility functions include: choice attributes, decision-maker attributes, socioeconomic char-
acteristics, and combinations of these variables. These variables can enter the utility functions

in generic or alternative-specific form in an arbitrary number of alternatives. Intersection den-
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sity, school and job accessibility indices, land-use related variables, and inventory of residen-

tial units in the zone are used as alternative specific variables.

Alternative specific constants, which capture the systematic impact of omitted variables in the
utility function, were also included in the utility functions of the model. Price of the housing
unit and development charge were two variables representing attributes of alternatives. The
variable “development charge” is the municipal tax for different types of housing projects.
Unfortunately no variable representing the attributes of decision-makers (developers) were

available to be included in the model.

Additionally, a spatial dependence term, Z;,, is introduced to the utility function as shown in
Equation 6. This term is a function of distances (D)) separating the housing project from adja-

cent projects of similar housing type (see Equation 4).
4.3 Estimation Results

The model has been estimated with and without the spatial dependency term using the same
set of explanatory variables defined in Table 1. The results of maximum likelihood estimation
of both multinomial logit (MNL) and spatial multinomial logit (SPNL) models are summa-
rized in Table 2.

5. Analysis of the Results

Almost all parameters are statistically significant at 95% confidence level or better. Adding
the spatial dependence term improves the overall goodness of fit of the model. The standard
multinomial logit model has an adjusted log-likelihood ration (p*) of 0.226 when comparing
the log-likelihood at zero and log-likelihood at convergence. The constants alone contribute
0.045 of the 0.226, suggesting the attributes in the utility expressions play an important role in

explaining the choice behaviour. This indicates a good model fit.

After adding the spatial dependency term to the model, the log-likelihood function value of -
1478.77 increased to —1445.97 and the p* for the spatial logit model improved to 0.243. This
presents the robustness of spatial logit model formulation and confirms the importance of the
spatial dependency factors in explaining developer’s housing type choice behaviour. This also
indicates that information collected regarding housing start projects should include some level

of spatial attributes.



10" International Conference on Travel Behaviour Research
August 10-15, 2003

Table 2 Estimation Results of Multinomial Logit and Spatial Multinomial Logit Models

MNL SMNL
Variable Alternative! ~ Parameter t-statistic Parameter t-statistic
Price D.S.O 0.148 1.615 0.160 1.641
Development Charge D -0.140 -2.215 -0.143 -2.268
S -0.167 -2.897 -0.162 -2.804
o -0.204 -3.257 -0.196 -3.119
A -0.288 -3.231 -0.276 -3.110
Intersection Density D.S -0.341 -5.359 -0.334 -5.202
School Accessibility D.S 0.106 4.362 0.103 4.235
Employment Accessibility D -0.084 -4.418 -0.084 -4.378
S -0.074 -3.858 -0.074 -3.838
A 0.049 8.195 0.043 7.142
Residential Area S -0.860 -2.863 -0.873 -2.898
O -1.085 -4.057 -1.087 -4.057
Built-up A 0.470 3.067 0.424 2.760
Inventory A -0.005 -3.296 -0.004 -3.174
Alternative Specific Constant D 4.572 5.821 4.209 5.391
S 4.001 4.503 3.637 4.107
0 4731 6.216 4216 5.539
A D.S.0. A 0.528 4.117
Y D,S,0, A 1.953 3.528
Number of observations 1384 1384
Log-likelihood at zero -1918.63 -1918.63
Log-likelihood constant-only model -1832.11 -1832.11
Log-likelihood at convergence -1478.77 -1445.97
Log-likelihood ratio (adjusted p*) 0.226 0.243

'Alternatives: Detached (D), Semi-Detached(S), Apartment (A), and Others (O)

The signs of all utility parameters seem to be correct and unambiguous. We would expect that
a negative sign would be associated with those attributes that may cause negative utility.
Based on the evidence provided by the review of the literature, we expect the price of the
housing unit to be associated with its development. In order to maximize the profit, develop-

ers tend to be interested to build housing units that are likely to be sold for a higher price.
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Positive sign for the parameter of the price variable confirms this hypothesis. Additionally, it
can be hypothesized that the higher development charges for a housing type, the lower the
probability of building that particular type. As expected municipal development charge vari-
able generated parameters with negative sign. This indicates that development charge is nega-

tively associated with the choice since it enters the model as a ‘cost’ variable.

The model indicates that within the developed parts of the urban area, where street networks
are highly developed and the intersection density is higher, the chance of building apartments
is higher, while the chance of building detached and semi-detached houses is lower. The pa-
rameters for detached and semi-detached houses for the intersection density variable were al-
most identical, suggesting that we could save one degree of freedom by imposing an equality
restriction on these two utility parameters, treating them as generic to these two alternatives.
The same argument is true for the school accessibility variable, where higher accessibility to
school will increase the chance of building detached and semi-detached houses. This is true
since families with young children usually occupy these types of dwelling units. Higher ac-
cessibility to jobs and employment will increase the chance of building apartments, while it
will decrease the chance of building detached and semi-detached houses. This is probably due
to the fact that employment opportunities within urban area are usually closer to the CBD and
the chance of building high-rise buildings and apartment units are higher in central areas. It
has also been shown that if the total residential area is larger within the study zone, the chance
of building semi-detached and other types of buildings will be lower. If the location of the
project is within a built-up area, where the availability of undeveloped parcels of land is lim-
ited, the new project is more likely to be apartments. The parameter of the inventory of resi-
dential units in the utility function for apartments is negative in the model. Large number of
housing units in a zone suggest that there are large tracts of developable land in that zone,
making it more attractive to detached or semi-detached type developments and less attractive

for apartment type developments.

The spatial dependency factor is a generic variable with positive signs for both parameters in
all alternatives. It generated the expected signs and magnitudes of parameters. The positive
sign of A in the model indicates that the existence of similar housing type in adjacent zones is
directly associated with the development type choice. In order to test the size and extent of the
spatial effects, spatial parameters A and y resulted from this model are used to present a dis-
tance-decay curve as illustrated in Figure 1. The curve indicates that development projects
within a 4-km buffer will have direct impact on the choice of the project type. Highly signifi-
cant t-statistics for these two parameters suggest that neighbourhood effects are very impor-
tant in the model developed in this study.

10
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Figure 1  Distance-Decay curve
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6. Conclusions

This study presents the process of derivation and development of a spatial multinomial logit
model and its application to a housing type choice problem of real-estate developers. Spatial
dependency terms are employed in a standard multinomial logit framework to capture spatial
interactions across projects. The results show that the spatial terms are statistically significant
in the model. Additionally, the model captures interactions between development type choice

behaviour and the existing land-use and transportation infrastructure.

Spatial dependency can be studied in several contexts. In addition to the land-use applications
(with physical distance as impedance term) similar to the one developed here, it is possible to
apply the model to other transportation and choice problems. For example, in activity schedul-
ing, it can be argued that the location of an individual influences his or her behaviour. Every
individual picks his or her available choice set and selects the best alternative based on the
knowledge he or she acquires through interactions with other decision-makers (e.g. colleagues

or friends) who are located at diverse points. The closer the other decision-maker, the higher

11
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his or her influence on individual’s choice. The measure of closeness can be physical distance

as well as non-physical measures (e.g. similarity indices).

In order to account for unobserved response heterogeneity, it is also possible to implement the
spatial logit model within a mixed logit framework (see Ben-Akiva and Bolduc, 1996) and es-
timate the value of parameters as random terms in the model. This remains a task for future

research on this topic.
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Appendix A: Derivation of Spatial Multinomial Logit Model

Probability that decision-maker n would choose alternative i, rather than any other alternative
Jj in the choice set, is given by the fact that the utility of 7 is higher than any other alternative,
conditional on knowing the observed (or systematic) utility ¥, for all j alternatives in the

choice set. This probability can be expressed as:

Pi,=P [(Vin + 8in) 2 mac;x(vjn + gjn )] = P[ (V;; + 5:) '(Vin + 8in) < 0] [Al]
JjeC,

The multinomial logit model arises when the error terms in the utility function are assumed to
be independently and identically distributed (IID) Type I (Gumbel) distributed with parame-
ters (77, 1). Based on the properties of the Gumbel distribution max(&;n, &m,..., &) Will be
also Gumbel distributed with parameters (u'In 2 exp(un;), w. If & and & are independent
Gumbel distributed with parameters (77;, &), and (772, 1) respectively, then £ =¢g-6ois logis-
tically distributed:

1

R P

[A2]

Thus, The probability that a given decision-maker n chooses alternative i within the choice set C, is
given by Equation A3.

p. = 1 _ exp(uV,)
U dvexp(—u(V, <V,)  exp(ul,)+exp(ul,,

_ exp(uV;,) _ exp(uV;,)
1 V o)+ V.
exp(u,) +exp(u(Lin Yexp(ar, ) SXPH)T 2explu,)
j<C,
__exp(ul,) jeC, [A3]
S exp(u )
JjeC,

and the systematic (observed) utility function in spatial multinomial logit model is:

s
Vin = Zﬂkajn +Z, = Zﬁkajn +Zpsinysi [A4]
k k s=1
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The log-likelihood function for a sample of size N is given by:

L(B=In(L(P) = ZZlnPy —ZZym[Vm—ln(Zexp(V,n))] [AS]

n=1ieC, n=1 ieC, jeC,

Where y;, is a dummy variable such that y;,= 1 if alternative i is chosen by decision-maker #,
and y;,= 0 otherwise. In order to obtain the maximum likelihood estimates of the parameters,
Equation A5 should be maximized with respect to parameters S’s, A, and » The usual ap-
proach is to use the Newton-Raphson technique that requires the first and second order de-

rivatives of the log-likelihood function.

A 1:First and Second Order Derivatives
First order derivatives of L*(ﬂ) are given by:

Z(@V/ﬂ X)) . Z(ek:] XiutZ X,)

aL 2 2
(ﬂ ) Z;chy = CZ 1= Z,chy i ’C"Z Ty [A6]
ek:l )

JeC,
jeC,
Zﬁ,XA, Zy o~ 0Py
TR Ve
oL c = 8/1
= ZZymZ Ly, ) - 5 " ] [AT]
n=1ieC, Ze"*‘k kin T4 jn

jeC,

BiXin+Z S 6,0
Z(eZ 3 (P )
6 jeC, s=1 a
aL(ﬁ) ZZ mZ p;“ yi)—? L [A8]

K
n=l ieC, 2 B X jn+Z jn

T

JjeC,

and second order derivatives of L*(,[)’) are given by:

15



10" International Conference on Travel Behaviour Research

ﬂk kn T

FLW) (2"

zﬂkXA]n+Z

Xk]nlen))( Ze

zz m jeC, jeC,
6ﬂkaﬂl n=1ieC, Zﬂkxlgn+zm 2
(1;
By Xy + BXin+Z,0
(e T )
__JeC, jeC, ] [A9]
Z/Bka//x+Z
(j;
Zﬂk kintZ jn ap Zﬂk kin T
=1 X sin
erp Zzy (,; (¢! ;( oy yg,)))(l; )
8ﬂk67/ n=lieC, " zﬁka/n+Z/n 2
(,;
kX kjin 6 BiXign +
(3 Z( D yg,»)(Z(eZ X,
_ jeC, jeC, ] [AlO]
ZﬂAXk/ +Z,,
(l;e
kX gn+ /n & 6 kX kjn+ m
(Z( S Py (3
6 L (ﬂ) Zz jeC, s=1 6/1 jeC,
@ﬂkaﬂ n=l1 ieC, (zeglﬂk)(kfnJrZ/n )2
jeC,
ﬂk kin+Z ju S0 EﬂA in+
(TS Doy e X,
. jeC, s=1 jeC, ] [All]
Zﬁka,n*Z
(e

jeC,
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o°’L LB _ < ps/n
Py _Zzy’”{z(a/w

n=1ieC,

Sz, & 0Py, Py, §]ﬂkxk,-n+2,-n S 9°py,
[(IEZC ;( a}/ S/)Z( yy ;( 8/18;/ yvj)]) (Z gﬁka,ﬁZ,
X et
ZﬁkXA, +Z;, jeC
(T "
jeC,
Zﬂk kint j ap”, Zﬁk ign + I S aps'n
ONC Z( ) ONCE 2y
jeC, s=1 a jeC, s=1 a/’i’
+-Z } [A12]

ZﬁkX,q +Zj,

(e

jeC,
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