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Air Transportation
• ACRP 02-50, Deriving Benefits from Alternative Aircraft-Taxi Systems (Institutional 

PI), sponsored by Transportation Research Board Airport Cooperative Research 
Program, 6/2014-12/2015

• The Role of Air Cargo in Tampa Bay Regional Goods Movement (PI), sponsored by 
Florida Department of Transportation, 1/2014-12/2014

• Users’ Perception of Remote and Virtual Tower at Small Airport, sponsored by 
Transportation Research Board Airport Cooperative Research Program Graduate 
Research Award Program, 2014

• ACRP 02-38, Guidebook for Energy Facilities Compatibility with Airports and 
Airspace (Institutional PI), sponsored by Transportation Research Board Airport 
Cooperative Research Program, 10/2012-4/2014

• Impact of Single Airport Delay to National Airspace System, sponsored by 
Transportation Resertch Board Airport Cooperative Research Program Graduate 
Research Award Program, 2010

• Research on FAA Performance Indicators (PI), sponsored by Federal Aviation 
Administration (FAA) Air Traffic Organization (ATO), 2009-2010

• Performance Metrics Development and Analysis Support (PI), sponsored by Federal 
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Part I
Background and Motivation



Application of Network Systems
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• Electrical Engineering: power grid • Transportation Science: roadway system



Typical Formats of Network 
Systems
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Point-to-Point system Hub-and-Spoke system

Hub-and-spoke structure is an important class of 
networks that is widely used in a variety of industries:

•Air transportation (United Airlines, Delta Air Lines, American 
Airlines…)
•Postal delivery (Fedex, UPS…)
•Telecommunications
•Others



Advantages of Hub-and-spoke 
System
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• Simplify the structure of a 
network: A small number of 
links are sufficient to keep the 
connection of the whole network.  

•Reduce the operating cost of the whole system:
•Economies of scale on connections by offering a high frequency of 
services. 
•Economies of scale at the hubs, enabling the potential development of 
an efficient distribution system since the hubs handle larger quantities of 
traffic. 
•Economies of scope in the use of shared transshipment facilities. 



Disadvantages of Hub-and-
spoke System

• Longer transportation time, 
transferring at hub airport

• More traffic pressure on 
hubs: congestion, delay

• Reliability issue: if one hub 
malfunctions, all 
connections to it will be 
discontinued
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Statistics of Disruption Cost in 
Airline Industry

 In 2000, about 30% of the jet-operated flight legs of 
one major US airline were delayed, and about 
3.5% of these flight legs were canceled(Ball 2007).

More than $440 million per year (Clarke and Smith 
(2000)) for major US domestic carrier. 

Various delays cost consumers and airlines about 
$6.5 billion in 2000 (Air Transport Association).
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 The largest international airspace shutdown in years

 Affected countries include Britain, France, Germany, Ireland,

Belgium and more

 Two of the world’s busiest hubs, Heathrow in London and

Charles de Gaulle in Paris were closed

 Half of the daily total trans-Atlantic flights were canceled by
U.S. and European carriers

 Overall 10 million passengers were affected, accumulated losses
should be more than $1.7 billions

Extensive demand on alternative routes

Recent Story on Icelandic 
Volcano Eruption
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Challenges to Airline Industry

• A volatile environment with emerging 
airline consolidation for avoiding financial 
straits

• Airspace capacity uncertainty caused by 
increasing traffic demand and more 
frequent extreme weather conditions

• Augmented international competition



We propose a reliable Hub-spoke network model that will:

• select hub nodes and explicitly include hub unavailability
• design back up plans in addition to primary routes
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Part II
Literature Review
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Early Studies on Hub-and-
spoke Network
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The hub-and-spoke system existed way back in the 1950's
Fedex?    American Airline?    Delta?

First Quantitative Model: O’Kelly(1986,87) 
1.Proposition of Hub location problem(HLP).

• Mathematical formulation to design the hub-and-spoke 
network

2.Introduction of a data set.
• Civil Aeronautics Board (CAB) data set (25 nodes):

• Passenger flow between each node pair i and j(wij)
• Unit transportation cost between each node pair i 

and j (cij)



Hub Location Problem(HLP)
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Minimization problem

Objective function:
Total transportation cost

Decision variables:
1.Hub location variables
2.Spoke allocation variables

Constraints:
The traffic flow between
each node pair has to be
assigned to one or two
hubs



Classification of HLPs

• SA (single allocation): all the flows from a single spoke go to the same hub 
in their routes;

• MA (multiple allocation): flows from a single spoke go to different hubs in 
their routes.
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Several Existing Work on 
Reliable Network Designs

• Snyder and Daskin (2005): “Reliability models for facility location: 
The expected failure cost case”, uncapacitated facility
location models with identical failure probability

• Cui, Ouyang and Shen (2010): “Reliable Facility Location
Design under the Risk of Disruptions”, an uncapacitated facility
location model with site-dependent failure probabilities

• Kim and O’Kelly (2009) : “Reliable p-Hub Location Problems in
Telecommunication Networks”, only arc failure probabilities are
considered, max expected flow, no backup routes, no algorithm 
development

• Devari et al. (2010): a fuzzy variant of the model in Kim and O’Kelly 
(2009)
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Part III
Formulation
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Assume that:
• Each route has at most two hubs and hubs are 

uncapacitated.

• The failure of hub airports are independent of each 

other.
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Assumptions

i
k

j
m

k’ m’: need to know the status of k and k’



Notation and Decision Variables

Let N: set of nodes
H: set of potential hubs, H=N

wij: the amount of traffic flow between i and j
qk: the failure probability of hub k.
cij: the cost of transportation per unit of traffic flow   

between i and j

for  the route i-k-m-j: Fikmj= cik+γ ckm +cmj
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Notation and Decision Variables
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 Hub location Variables  Spoke allocation Variables
 Variables indicating backup hubs of 
each route



Formulation
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Objective:
Total transportation cost

Variables:
1. Hub location Variables
2. Spoke allocation Variables
3. Variables indicating backup 
hubs of each route

Constraints:
1. The flow between any node 
pair i and j has to be routed 
through one or two hubs
2. Number of hubs is p
3. Regular hub and the backup 
hub for each route have to be 
different

Normal 
operation 
cost(no 
hub is 
down)

Expected 
Failure 
cost



Part IV
Solution Method
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Cplex Performance
(Standard Linearization)



• Nonlinear mixed integer programming problem

• Commercial solver (Cplex) is unable to solve the model 
in most cases.

• Solution strategy:
Lagrangian relaxation + variable fixing + branch-and-

bound
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Solution Method
(Lagrangian Relaxation)
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Relax the difficult 
constraints so that 
the original problems 
can be divided into 
two sub-problems 
Sub-1 and Sub-2 
that are easier to 
solve. 



Sub-1
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Sub-2
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For each (i,j), enumerate (k,m)

Choose(k*,m*)



Variable Fixing

• Variable fixing is an approach that uses both primal information from 
a feasible solution and dual information from Lagrangian multipliers 
to fix some variables in Lagrangian solution procedure.



Solution Method

• A feasible solution (that gives an upper bound of the optimal 
solution) can be derived from the solutions to Sub-1 and Sub-2.

• The solution information in turn can be used to update the 
multipliers such that the gap between upper and lower bounds 
decreases over iterations. 
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Upper bound(feasible solution)

Lower bound(Sub1+Sub2)



Branch-and-bound
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•When the gap is small 
enough(<1%) we claim that the 
feasible solution now is the 
required optimal solution.

• If the gap is still large(>=1%) 
after 3000 iterations, branch and 
bound will be applied to close the 
gap.

• The breadth-first search 
algorithm can guarantee that the 
lower bounds will increase in the 
child nodes.

Y[k2]=1 Y[k2]=0

… …



Part V
Case Study and Conclusions
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Solution Algorithm Performance
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N: number of nodes
p: number of hubs
Alpha: discount factor of inter-hub links



Summary of Algorithm 
Performance

• The Lagrangian relaxation and Branch-and-
bound method is applied to solve SA and MA 
models.

• All the 144 cases can be solved to optimality 
within 1800s.

• When failure probability q is high, the cases are 
more difficult to solve  
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 For most cases, the optimal hub locations and spoke node allocations 
of the classical and reliable models are different.

 The network configuration of the reliable model is more robust to 
random hub failures and can transport more passengers.
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Impact of Hub Unavailability 
on System Design



Performance of Reliable Hub-
and-spoke Networks



Verification with Multiple 
Simultaneous Disruptions



Sensitivity Analysis of Failure 
Rate



Application of Proposed Reliable 
Models to a Recent Airlines Merger



Disruption Probabilities of CAB 
Airports



Relative Changes in the Expected 
Number of Passengers and 

Transportation Cost



Conclusions

• A novel reliable Hub-and-spoke network design is proposed and is 
shown to be able to greatly improve the performance of the network 
system.

• Lagrangian relaxation method with variable fixing and Branch-and-
bound technique are applied to solve the large scale optimization 
problem. Computational study demonstrates the effectiveness of 
these algorithms, as well as the superiority of the proposed models 
to classical models in terms of serving passengers and being robust 
subject to the variations of hub failure rates.

• It theoretically extends the existing literature on reliable network 
design and also has a clear practical impact on transportation and 
telecommunications systems.
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Future Research

• Congestion effect (research-in-progress)
• Multiple simultaneous disruptions
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